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ABSTRACT

Predicting topological numbers may be the key to understand these materials which have exhibited fascinating properties. 
We have carried out this comparative study between two materials of Heusler nature to clarify this side. To meet this 
requirement, we examine the topological indices of the surface of the two Heuslers materials. Therefore we follow a 
method based on Density function theory (DFT) combined with another weak link-based method for determining 
topological indices. This method is very efficient and widely used in ab-initio studies to subtract Chern number "C", 
topological number "Z2" and Abnormal Hall Effect (AHE).
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Introduction

The discovery of topological insulators opens a new window of the future of the advanced electronic industry such as spintronic 
components and quantum computers [1,2]. The notion of a topological insulator is simple, the material has an electronic insulating 
structure in bulk but conductive on the surface. In other words, in the physical language it is a material that has metallic surface 
states protected by time inversion symmetry ‘TRS’, the latter condition lets the material retain its properties under significant dis-
turbances without breaking its symmetry [1,2]. Studies have classified non-magnetic type Z2 insulators into two categories, one 
topological Z2 -dd (topological) and the other ordinary Z2 -even (ordinary).In 2D materials, Z2 - “odd class” is known by its peers 
of Kramer’s helical edge states, on the other hand, the 3D system is characterized by the odd number of Fermi loops of the surface 
band which contains certain points of high symmetry in Brillouin Zone (BZ) [3]. All these studies stay frozen until the realization of a 
quantum system with a spin hall effect in HgTe in 2007 [4] other studies and realizations follow this approach [5-8]. The fascinating 
properties of these types of topological materials lead research into metals, Half- Heusler, and also into insulators [9-11]. A semi-
Dirac semi-metal is characterized by the crossing point of a linear band and a quadratic band in the space of the pulses forming a 
1-D circle on the surface. But for Weyl semi-metal, Fermi’s surface forms an arc as a surface, instead of a closed circle [9,10]. These 
studies answer a major question about arcs formation and also show that it has different forms of arcs. A recent study shows that 
large arcs that appear on surfaces can act as catalysts [12].

Method

We have used the Tight-Binding (TB) method combined with the Wannier wave function implanted on Wannier90 code [13] to 
verify some topological properties of our materials. The initial computation was carried out by the Wien2k code [14] and espresso 
Quantum [15]. We used the Low density Approximation (LDA) [16] to describe the correlation exchange effects [17]. In the “TB” 
method, we consider the atomic interactions are quite weak in this crystal. In this way, the Hamiltonian only couples the orbital 
of the atomic sites close to each other, so that other couplings can be neglected. So, all these applications are done in a Hilbert 
space that acts on a network system that will distort one or two Hamiltonians with the existence of a “gap” at the Fermi level. It is 
logical not to close a course of time so we can say that we have an important symmetry during time reversal. In other words, if we 
change the two Hamiltonians connected adiabatically to each other without closing the bands in this case we say that the topo-
logical properties of the Hamiltonian are protected. This topological notion is characterized by a topological invariant which takes 
values in Z2, which we will call the index Z2. For several bands, we need Wilson loop method [18] based on the angle “θ”. Once the 
angle “θ” has been calculated all topological numbers will be determined. The topological properties have been calculated within 
the context of the “Green” function method [19] which is implemented in Wannier-Tools [20]. An important note all the physical 
parameters have been calculated and compared in Table [1-2].

Wyckoff positions a(A°) β(GP) β'

NbRhSb-HH 

(SG 216 F- 43m)

X=4a (0, 0, 0) Y=4c 
(1⁄4, 1⁄4, 1⁄4)

Z=4b (1⁄2, 1⁄2 ,1⁄2)

6.10 this work

6.17Exp [28]
4.64this work 186this work

Ni2SnZr-FH

(SG-225 Fm- 3m)

Y=4a (0, 0, 0) X=4c 
(1⁄4, 1⁄4, 1⁄4) Z=4b 
(1⁄2, 1⁄2 ,1⁄2)

6.17this work

6.24 LDA [27]

6.27Exp[27]

4.38 this 
work

120 this work

149[27]

Table 1: Structural parameters calculated, compared with other researches of the NbRhSb and Ni2SnZn 
compounds with his Wyckoff positions
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Chern number for 6 planes
For 

NbRhSb
Z2 number for 6 

planes
For 

NbRhSb
k1=0.0, k2-k3 plane: 1 k1=0.0, k2-k3 plane: 0
k1=0.5, k2-k3 plane: -2 k1=0.5, k2-k3 plane: 1
k2=0.0, k1-k3 plane: 0 k2=0.0, k1-k3 plane: 1
k2=0.5, k1-k3 plane: 0 k2=0.5, k1-k3 plane: 1
k3=0.0, k1-k2 plane: -2 k3=0.0, k1-k2 plane: 1

k3=0.5, k1-k2 plane: 1 k3=0.5, k1-k2 plane: 1

Table 2: Chern number and Z2 topological index for 6 plan of NbRhSb

Band structure analysis

The band structures of Ni2SnZr and NbRhSb were calculated with and without spin-orbit coupling (SOC), we obtained an ap-
erture in the bands of few “mev” 60mev and 160mev in the semi-core bands of the two materials when we applied the “SOC” 
(Figure 1b and e). This is a strong indication of the existence of topological state [8-10]. This remark also appeared as a magenta 
spot on the surface state spectrum illustrated in Figure 1c and f. Regarding the explosion of the two bands of Ni2SnZr is mainly 
due to the atomic bond Ni-Ni. The red and blue band are dominated by the same state |d_eg+>, therefore, the two bands bear 
the same sign and the repulsion effect plays a big role ithe separation of the two bands. For NbRhSb the separation of the two 
bands is due to a set of states which carry the same charge signs |d_eg- + d_t2g+> of the two atoms Nb and Rh. This effect has 
been seen in other studies that occur along at point symmetries “Γ” and “M” due to the Rashba effect and the lack of inversion 
of symmetry, other explosions that appeared at the “K” point are also due to Zeeman -Type spin splitting [21].

Topological properties

The calculate of the Wannier Charge Centers “WCCs” or Wilson loops without SOC of NbRhSb illustrated in Figure 2g shows that 
the number of curves arbitrarily crosses all the reference lines and odd times which means that the phase is non-trivial and Z2 
topological indices calculated take 6 values between 0 and 1 following each plan of 3D (see table2), while Z2 topological indices 
of Ni2SnZr equals zero for six plan of 3D is a correspondence of a trivial topological phase. Our analysis of “WCCs” consists on the 
“Soluyvanov-Vanderbilt” method [24] whom reciprocal lattice vectors w1, w2, w3 are represented as follows kw1 +tw2 and 0.5w3 
+kw1 + tw2 for k, t ∈ [0,1], which cover the six parallelepiped faces in the space of moments and each vertex represents an invari-
ant time of time inversion. Each face of this parallelepiped is interpreted as a two-dimensional periodic system if the Hamiltonian 
is considered as a function of two moments, in particular, each face can assign an index Z2 topological indices whose index is 
denoted with ν=ν1 +ν2 mod2 follows Soluyvanov Vanderbilt method. For ν to be non-trivial, one of the faces must be trivial while 
the opposite face is non-trivial in 3D. Here Wannier charge centre “WCCs” flow as a function of k during one cycle for NbRhSb and 
the crystal momentum in the direction of w2 plays the role of k. The “WCCs” separate and reconnect in a non-trivial way, switching 
partners after a cycle in the interval of “WCCs”∈ [0, 0.5] and at point k = 0.25. Figure 2-(g) of “WCCs” clearly shows the flux of the 
Wannier charge centre as a function during a cycle for NbRhSb in bulk and surface. Now it is easy to analyze the plans: taking the 
plan [k1-k3] with k1 = 0 and k1 = 0.5 and ν it is the number of winding which has the same number equal to 1 so it is trivial in this 
plan (see Figure 1h), in the case of the plan [k2-k3] and ν take two different values we get Z2 =1 so this face contains a non-trivial 
topological insulator where the curve is protected by Time-Reversible Symetry TRs, the same thing for the plan [k1-k2] is trivial. 
For 3D insulators, we have four different indices as illustrated on table2 V0 (vx,vy,vz) where V0 represents the total number of Z2 
topological indices in the direction x, y, z. If the number of two same plans are different we have Z2=1 and if we have the same 
number therefore Z2=0.In 3D, if we only have one non-trivial plan among the six plans, then the material is non-trivial. If band 
inversion happens an even number of times or it happens around an even number of Time Reversal Invariant Momentum points, 
we obtain a trivial insulator phase and Z2 =0. If we have Z2 =0 after the summation on the band index n due to the degeneration 
of Kramers see Figure 3a in K direction, in this case, the occupied electronic states must be even, ψ1 and ψ2 these two wave func-
tions are called the Kramers pairs [21]. We have calculated also the Chern number of Ni2SnZr which is equal to zero, whom the 
bands are degenerate by an even number and have a dispersion in all directions around, which means that the total topological 
charge of the valence bands is zero. The number of “Chern” of NbRhSb has been calculated and illustrated in Table 2. In 3D, 
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Figure 1: a-b-d-e) Ni2SnZr and NbRhSb with and without spin orbit coupling; c-f) Spectral function along kz 
direction on surface calculated withDFT method; g) Wannier charge centers evolution loops of Ni2SnZr
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Figure 2: Intensity (a) and curvature intensity (b) plots of the ARPES data along with K–G–M. For comparison, we plot the 
calculated bands along with W–Γ–X – K; (d,e,f) represented 2D FS and 3D with yellow connected band; (g) represents 
Wannier charge centers Evolution “WCC” or Wilson loops in Bulk and surface with DOS of NbRhSb
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the calculations show that each plan has its non-zero topological number, and Chern’s opposite numbers mean that there is an 
“anti-symmetric surface”. It is clear that the Fermi surface of NbRhSb Figure 2e presents two adjacent bands (blue and red) which 
intersect the Fermi levels twice at the same point of high symmetry “X”, and the number of Chern takes two values C=+1 and C=- 2, 
this means that these twice pockets do not have the same chirality but one superimposed on the other [30] that is to say, the two 
blue and red bands cross in the point “X” with the topological charges C=+1 and C=-2 respectively in the helicity 0. The dispersion 
of the blue band projected along on the all high symmetry points cuts the Fermi level a lot of points, near “W” point the band 
forms a cone which takes the same value of number Chern C=+1 in two different plan [k1-k2] and [k2-k3] suggest a chiral fermion 
[30,31]. Therefore, the number of Chern must change from a positive phase to a negative phase during the variation of energy at 
the surface forming a robust non-trivial surface state [30] and this two cone are cnfined in this band. The non-connectivity of bands 
in the first Brillouin Zone in Ni2SnZr generates topologically trivial material with zero Chern number, zero topological number and 
weak topological Fermi arc surface [30]. The surface states of Ni2SnZr is trivial because they do not connect across the bulk band-
gap (Figure 3b,c and d) [32]. Figure 4 (a) clearly shows the six nodes and the six Weyl points with arc energy equal to zero [33,34]. 
The increase of the energy with 0.06ev pushes its lobes of is distinguished and forms three points of the Weyl point this means 
that the superimpositions of the Weyl points are disappeared, another small increase in energy of   0.04ev makes these points a 
superimpose a second time and take place of the points of high symmetry of the first BZ these results are confirmed by Hongming 
Weng et al. (Figure 4b and c) [33-35].

Figure 3: a) Represented surface state spectruim with opening “gap” at high symmetry points “G” and “K” represented by a red 
spot; b) and c) Fermi surface 2D and 3D of Ni2SnZr with absence of connected band near level Fermi; d) and e) represented 
arc Fermi on surface [110] with chern nuber C=0 for Ni2SnZr and C=0 for NbRhSb
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Figure 4: Surface states show Arc bulk the lobes of Nodal lines in the first BZ with different energies calculated without SOC, 
whereas Weyl points “WPs” appear in the plane a) Arc connecting superposed Weyl points; b) Arc from a trimer; c) Arcs from 
hexamer and energy distribution curves near the Weyl point

Anomalous Hall Conductivity

The abnormal Hall Effect requires a combination of magnetic polarization and spin-orbit coupling to generate a finite Hall voltage 
these two properties are present in NbRhSb and Ni2SnZr. The Kubo Formula can be characterized by two terms, the first contri-
bution is the intra-band transitions of the states close to the Fermi level or the non-diagonal elements of the Green’s function, and 
the second contribution is the states located below the Fermi level or the deep states which are often called the topological con-
tribution because the contribution of “σxy” depends explicitly on the nature of the quantum states | n, k> via the gauge potential 
[29]. In our study of intrinsic AHC, we use the Kubo relation according to the [110] plans (Figure 4), because this plan is the most 
relevant in experimental studies, and we focus on the intrinsic part of the Berry curvature.
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Kubo’s Formula clearly shows that Hall’s conductivity is directly related to Berry’s curvature and also gives a strong indication of the 
underlying space [25]. If the number “n” is an integer, it means that the “σxy” conductivity is quantified and is related to the first 
Chern index. This number has a relation with the Landau levels filled and each level has a Chern index. According to the relation-
ship, it is clear that this index plays an important role in completely filled strips. These saturated bands can conduct current even 
if it is filled [26]. On the other hand, each plan which is between two Weyl point contributes to the Chern number, in other words, 
the plans outside the Weyl points are Chern numbers equal to Zero [26]. In this case, the AHC calculations must be between these 
Chern numbers provided that the volume of the Fermi surface exists and this area will be separated by two regions, one near Γ and 
the other far from Γ. The equation will be zero if only is field B parallel to the” XY” plan. Our Figures clearly illustrate the calculations 
of the Hall conductivity for the two materials as a function of energy or chemical potential when B revolves around the XY plane. 
Figure 5a clearly shows that the curve of NbRhSb is smooth because it fulfils all the conditions of the Kubo formula on the contrary 
for the curve of Ni2SnZr which presents a lot of peaks and losses its smoothing. Figure 5b shows the sharp increase in the height of 
the peak in the negative direction of around of value 1.25eV for Ni2SnZr this is a consequence of the large separation of the Weyl 
point along the y axis when the angle increases from zero and the large separation between pockets in the first BZ (Figure 3). This 
remark is very clear on the Fermi surface Figure 3c and b where the cones are far from each other and are not connected which is 
why the curve takes these sharp peaks, therefore the plans are outside the Weyl point, and the number of Chern equals zero. On 
the other hand, the curve of NbRhSb rises smoothly which means that the Weyl points are close to each other and that they are 
connected by a band see FS Figure 2d and f.

Figure 5: (a,b) calculation of Anomalous Hall Conductivity of NbRhSb and Ni2SnZr
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Conclusion

We have successfully obtained the topological indices of NbRhSb and Ni2SnZr in the context of DFT combined with dynamic meth-
ods. Calculations of both topological indices and Chern numbers show that NbRhSb is a non-trivial material while Ni2SnZr is trivial. 
NbRhSb exhibits a robust Fermi surface with Weyl points “WPs” which connects the valence band with conduction bands but 
Ni2SnZr has a weak arc Fermi surface with an absence of the connected band. The calculations of AHC was obtained with success 
through σxy as a function of energy for both materials.
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